We propose methods to construct gauge invariant decompositions of the nucleon spin, particularly gauge invariant descriptions of the gluon polarization. We show that gauge invariant decompositions of the nucleon spin can be derived naturally from the conserved current of a generalized Lorentz transformation by the Noether theorem. We propose a gauge invariant extension of the Chern-Simons current as a possible description of the gluon spin, and we also examine the problem of gauge dependence of this extended Chern-Simons current.
Introduction
Since the experimental discovery that the quark spin only contributes a small portion to the nucleon spin [1] , the nucleon spin problem has attracted tremendous experimental and theoretical efforts over the past around two decades [2] . Nevertheless, how to formulate complete and gauge invariant decompositions of the nucleon spin and particularly how to formulate gauge invariant descriptions of the gluon polarization remains an open and interesting theoretical problem so far.
Regarding the decomposition of the nucleon spin, three popular decompositions have been proposed based on different grounds. The decomposition of Jaffe and Manohar [3] is the conventional canonical one derived from the Noether theorem. The decomposition of Ji [4] has the gauge invariant formulation by means of the improved energy-momentum tensor of Belinfante [5] , but it does not provide a gauge invariant description of the gluon spin. By decomposing the gauge field into its physical part and its pure gauge part, Chen et al. [6] proposed a novel gauge invariant decomposition and a gauge invariant description of the gluon spin is also obtained. The similarities and differences among these three decompositions have been examined extensively from theoretical perspectives [7] [8] [9] . One purpose of this paper is to show that these three decompositions can be derived naturally from the conserved Noether currents induced by a generalized Lorentz transformation, although they have apparently different formulations. These results shall be given in Section 3.
Regarding descriptions of the gluon spin, among these three decompositions, only the decomposition of Chen et al. can provide gauge invariant expressions by using nonlocal formulations of the pure gauge field. This gauge invariant description can be regarded as the gauge invariant extension of the conventional canonical one. In this paper, we propose that there may exist possible alternative descriptions of the gluon spin. For this purpose, we construct a gauge invariant extension of the Chern-Simons current by using the pure gauge field defined by Delbourgo and Thompson [10] . This extended Chern-Simons current has the nice feature that it satisfies the same equation as the conventional Chern-Simons current. We also verify its gauge independence in the Schwinger model [11] . The relevant discussions shall be given in section 2 and 4. We give some conclusions in section 5. More discussions on the gauge invariant decompositions from the Noether theorem and the extended Chern-Simons current as an appropriate description of the gluon spin will be given in a subsequent paper [12] .
Gauge Invariant Extensions of the Chern-Simons Current
In this section, we discuss the gauge invariant extension of the Chern-Simons current as a possible candidate of descriptions of the gluon spin, which avoids the gauge-dependence problem of the conventional Chern-Simons current. The Chern-Simons current
which satisfies the equation
could be an appropriate description of the gluon polarization, as has been proposed in [13] [14] [15] , partly because it is connected to the anomalous equation for the axial-vector current
Nevertheless, an unpleasant character of the Chern-Simons current is that it is not invariant under large gauge transformations. Under a gauge transformation
the Chern-Simons current transforms as
which is not invariant if the gauge transformation is large. Therefore, calculations with the Chern-Simons current are surrounded by the problem of gauge dependence [11, 16, 17] . However, we can construct a gauge invariant extension of the Chern-Simons current to cure the gaugedependence problem. We have assumed in our above discussion that the expression (2.1) is the unique solution of Eq. (2.2). Now we could put forward the following question: Does there exist another expression of K µ , which satisfies Eq. (2.2)? The answer is positive, as can be seen from the Abelian case. For a Abelian U(1) theory, the Chern-Simons current is
which satisfies
But Eq. (2.6) is not the unique solution of Eq. (2.7). We can construct another expression as follows
Obviously, the expression (2.8) satisfies 9) where the Bianchi identities has been used. It has the remarkable property that it is invariant under the gauge transformation
The expression (2.8) can be thought as a gauge invariant extension of the Chern-Simons current (2.6). Using the notation of Chen et al. [6] , we can make the identifications
The foregoing constructions can be generalized to the non-Abelian case. We propose the following expressions for the non-Abelian case
where
still remains the conventional expression, and
The expression (2.12) is invariant under the gauge transformation
We can reformulate (2.12) as
Employing the definition of A µ pure in Eq. (2.13), we can show that the terms of Eq. (2.17) can be combined to be a total divergence, then we obtain
With Eq. (2.18), we can easily check that the expression (2.12) also satisfies
Therefore, a gauge invariant extension of the non-Abelian Chern-Simons current can be constructed successfully. From Eq. (2.18), we see that the gauge invariant current includes the conventional Chern-Simons current and some terms contributed by the pure gauge field. These contributions from the pure gauge field may be related to the gluon topology as considered by Bass [19] . A problem to be solved is how to derive a manifest expression for the pure gauge field. This problem has been highlighted from a more physical perspective by Chen et al. [6] , and several expressions of the pure gauge field have been proposed [20] [21] [22] [23] . However, we noticed that Delbourgo and Thompson [10] and Verschelde et al. [24] have proposed manifest expressions for the pure gauge field through different grounds. In the proposal of Delbourgo and Thompson [10] , a pure gauge field can be obtained from the following equation 20) where
This kind of equations can be solved by a formal series [10, 25] . A manifest expression for A µ pure can be given by
Employing this expression, we shall show in section 4 that the gauge invariant currents (2.8) and (2.12) can yield gauge-independent results.
Gauge Invariant Decompositions from Noether Theorem
In this section, we show that the decomposition of Jaffe and Manohar, the decomposition of Ji and the decomposition of Chen et al. can all be derived naturally from the Noether theorem, which reveals interesting relations among these three decompositions. We consider the Lagrangian of quantum chromodynamics (QCD) with the θ term,
which is invariant under the gauge transformation 2) and the Lorentzian transformation
However, as considered by Bjorken and Drell [26] , by Weinberg [27, 28] and recently more thoughtfully by Lorcé [9] , the gauge field A ν does not need to be transformed as a Lorentz vector, and the Lagrangian (3.1) is actually invariant under a more general Lorentz transformatioñ
By Noether's theorem, we know that a symmetry of a Lagrangian yields a conserved current. Now we have a new kind of symmetry expressed by Eqs. (3.4) and (3.5), so we can expect that this new symmetry could yield some new kinds of conserved current. Under an infinitesimal Lorentz transformation, we havex
where ω µν = −ω νµ are infinitesimal parameters. By Eqs. (3.4) and (3.5), the fields transform as
Here N µ (x) = N a µ (x)T a are functions taking values in the generators of the SU(N) Lie algebra, whose meanings will be discussed later on. With this designation, Eq. (3.7) can be expanded as
We can define the variation ∆A µ (x) =Ã µ (x + δx) − A µ (x) and the variation at a single point
, then these two kinds of variations are related by
Using this equation, we can derive the field variation at a single point as
which can be easily recombined into a more compact formulation
Similarly, we derive the variation at a single point for fermion fields
For the infinitesimal transformations (3.6)-(3.8) and the Lagrangian (3.1), the Noether theorem asserts that
Employing the properties of variation at a single point δ(∂ µ A ν ) = ∂ µ δA ν , δ(∂ µ ψ) = ∂ µ δψ and δ(∂ µψ ) = ∂ µ δψ, Eq. (3.17) can be reformulated as
19)
. By imposing Euler-Lagrange equations, we have E = 0, and then we obtain the conserved current
For the infinitesimal transformations (3.6), (3.14)-(3.16) and the Lagrangian (3.1), the current J µ can be calculated to be
That is, the generators M µαβ can be divided into four parts naturally. The parts that can be identified to be quark spin and orbital angular momentums are given by
while the parts that can be identified to be gluon polarization and orbital angular momentums are given by
Here
. L quark and L gluon are respectively the corresponding gauge invariant fermion parts and boson parts of the Lagrangian (3.1). In above calculations, we have let the θ term to be zero, because it does not yield interesting results. The effects of the field N µ can be revealed now. For N β = 0, we obtain the type of decomposition of Jaffe and Manohar [3] . For N β = A β , we obtain the type of decomposition of Ji [4] ; A remarkable point is that the term (3.26), which describes the gluon polarization, vanishes in this case; This type of decomposition is gauge invariant. For N β = A β pure , we obtain a covariant version of the type of decompositions of Chen et al. [6] . Another point we should mention is that no surface terms are subtracted or added in the foregoing derivations. The expressions (3.24)-(3.27) are the straightforward results of Eqs. (3.14)-(3.16) and (3.19) . Of course, a term H µαβ which satisfies ∂ µ H µαβ = 0 can be added into the definition of M µαβ , which does not spoil the conserved feature of the current J µ [5] . This kind of surface term can lead to the type of decompositions of Wakamatsu [29] . Even the gauge invariant extension of Chern-Simons current (2.12) can emerge by adding appropriate surface terms.
The derivations of gauge invariant decompositions of the angular momentum from the Noether theorem are also discussed in [30] and [31] through different methods. We shall give another derivation from a different perspective in a subsequent paper [12] .
The Problem of Gauge Dependence
We have defined the pure gauge field A µ pure in section 2, which is used to constructed the gauge invariant extension of the Chern-Simons current in section 2 and is also used to formulate gauge invariant descriptions of the gluon spin in section 4. Despite of the superficial success of the foregoing gauge invariant constructions, a question that should be mentioned is whether these constructions really yield gauge-independent results. We focus on the Chern-Simons current,
which is a U(1) gauge theory. Its Chern-Simons current is
A gauge invariant extension of Eq. (4.2) is
Here we have employed Eq. (2.21) to express the pure gauge field manifestly. The 2D Schwinger model can be solved exactly by bosonization, that is, we can make the replacements
The calculations involved in (4.3) can be most conveniently implemented in the Lorentz gauge. However, following Manohar [11] , we perform the calculations in the axial gauge, which here is a more persuasive argument for the gauge-independence of the current (4.3). In the axial gauge n µ A µ = 0, and we can solve the gauge field as
By Eq. (4.4) and (4.5), we obtain the reduced Lagrangian
is the well known mass of the gauge field in the Schwinger model. The propagators of the Lagrangian (4.6) can be derived by the functional method, which is done explicitly in [11] . For the gauge field (4.5), the current K µ in Eq. (4.5) is
With the propagators that are given in [11] , we obtain 8) which is gauge-dependent at first sight. But for any vectors a µ and b ν in 2D, we have 9) which means that
This leads to the gauge-independent result
This means that the matrix element 12) which is well defined and gauge-independent.
The above results of the Schwinger model suggest that similar calculations in four dimensional QCD may be also well defined and gauge-independent. We try to calculate the forward matrix element of the current K µ in Eq. (2.12), in which the pure gauge field is given by Eq. (2.21) 13) and the forward matrix element is taken between massive quark states p, s|K µ |p, s . For four dimensional QCD, we do the calculations in the Lorentz gauge. Obviously, the one-loop calculation is independent of the gauge parameter ξ, because the physical field A
is a transverse field. The calculation with the dimensional regularization yields
M 2 and µ is the renormalization scale. We have used the on-shell relation γ µ p µ u(p) = Mu(p) and p 2 = M 2 .
Conclusions
In this paper, we proposed a possible candidate of gauge invariant description of the gluon spin. We constructed a gauge invariant extension of the Chern-Simons current in section 2, and we verified its gauge-independence in section 4. This extended Chern-Simons current has several remarkable features: It is gauge invariant and is also Lorentz covariant; It satisfies the same equation as the conventional Chern-Simons Current; Furthermore, we shall show that it can describe the spin of the Laguerre-Gauss Laser mode in a subsequent paper [12] . These features support the proposal that it can be considered as an appropriate description of the gluon spin. We also discussed the relations among three decompositions of the nucleon spin through the Noether theorem in section 3. The canonical angular momentum current can be derived from the Noether theorem. However, for gauge theories, the canonical conserved current is not gauge invariant. This problem can be cured by considering the Noether current induced by a generalized Lorentz transformation. The origin of this generalized lorentz transformation could be illuminated as follows. From the conventional lore, only the space-time components of the fields are rotated under Lorentz transformations. But when we consider fields with internal local freedom, under the Lorentz transformation, the internal local freedom and the spacetime components of the fields can all be rotated without breaking the symmetry of the system. This leads to a generalized Lorentz symmetry, which yields a new kind of Noether current. This Noether current has the nice property that the induced decompositions can accommodate different decompositions of the nucleon spin in a single framework. This generalized symmetry introduce a new field N µ , whose effects are quite similar to the role of the Stueckelberg field [32] , in the meaning of that it is regarded as a compensating field to formulate gauge invariant expressions. Recently, by analyzing the Wigner distributions, Burkardt [33] proposed that the difference between the gauge invariant extension [21, 34] of Jaffe-Manohar's quark orbital angular momentum and that of Ji can be understood as a torque acting on a quark. Tentatively, we can speculate that this torque may be related to the field N µ . Its effects could be uncovered along a similar way.
